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A THEOREM OF FULL EXISTENCE
Lionel de Boisdeffre,!
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Abstract

We consider a pure exchange economy, where agents, typically asymmetrically
informed, exchange commodities, on spot markets, and securities of all kinds, on
incomplete financial markets, with no model of how future prices are determined.
They have private characteristics, anticipations and beliefs. We show they face an
incompressible uncertainty, represented by a so-called "minimum uncertainty set”,
typically adding to the ‘exogenous uncertainty’, on tomorrow’s state of nature, an
‘endogenous uncertainty’ on future spot prices, which may depend on every agent’s
private anticipations today. At equilibrium, all agents expect the ‘true’ price, in each
realizable state, as a possible outcome, and elect optimal strategies, ex ante, which
clear on all markets, ex post. Our main Theorem states that equilibrium exists as
long as agents’ prior anticipations, which may be refined from observing markets,
embed that minimum uncertainty set. This result is stronger than the classical ones
of generic ezistence, along Radner (1979), or Hart (1975), based on the rational

expectation of prices.
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1 Introduction

When agents’ information is incomplete or asymmetric, the issue of how markets
may reveal information is essential, and yet debated. Quoting Ross Starr (1989),
“the theory with asymmetric information is not well understood at all. In short, the
exact mechanism by which prices incorporate information is still a mystery and an
attendant theory of volume is simply missing.” A traditional response is given by
the REE (rational expectations equilibrium) model by assuming, quoting Radner
(1979), that “agents have a ‘model’ or ‘expectations’ of how equilibrium prices are
determined”. Under this assumption, agents know the relationship between private
information signals and equilibrium prices, along a so-called "forecast function".

Then, generically, prices reveal all information at a fully revealing REE equilibrium.

Cornet-De Boisdeffre (2002) suggests an alternative approach, where agents have
no price model and asymmetric information is represented by private information
signals, which correctly inform each agent that tomorrow’s random state of nature
will be in a subset of the state space. The model extends to this setting of asym-

metric information the classical definitions of equilibrium, prices and arbitrage.

Generalizing Cass (1984) to asymmetric information, De Boisdeffre (2007) shows
the existence of equilibrium on purely financial markets is, then, characterized by
the no-arbitrage condition. This existence result is stronger than the REE’s generic
one, along Radner (1979). Moreover, Cornet-De Boisdeffre (2009) shows the no-
arbitrage condition may be reached by agents with no price model, from simply

observing exchange opportunities on financial markets.

Our above papers may picture the information transmission of actual markets

and restore the full existence property of equilibrium. But they still retain Radner’s



(1972) assumption that agents have a perfect foresight of future prices in each real-
izable state, which, quoting Radner (1982) himself "seems to require of the traders
a capacity for imagination and computation far beyond what is realistic". Perfect
foresight would be justified if agents knew all the primitives of the economy and
their relationships with equilibrium prices, and, furthermore, elected one common
anticipation (amongst typically many possibilities and opposite interests), with the
common knowledge of game theory. The latter requirements are also referred to as
rational expectations. Though standard, rational expectations rely on highly de-
manding assumptions and only yield the generic existence of sequential equilibrium,
as shown, among others, by Radner (1979), for asymmetric information, or Hart

(1975) and Duffie-Shaffer (1985), for symmetric information economies.

We propose to show that dropping rational expectations is, not only possible,
but permits to reconcile into one unique concept the notions of sequential and tem-
porary equilibria, and to insure the full existence of this so-called "correct foresight

equiltbrium", under milder conditions, and for any assets and information signals.

In the current paper, agents have no forecast function a la Radner and may keep
their own characteristics private, which results in an incompressible uncertainty over
future prices, represented by a so-called "minimum uncertainty set". We argue this
set might be inferred from observing past prices and events. The model’s sequential
equilibrium, or "correct foresight equilibrium", is defined as Cornet-De Boisdeffre’s
(2002), but for price anticipations, which are now elements of private and typi-
cally uncountable sets. We assume, non restrictively along De Boisdeffre (2016),
that agents’ private anticipation sets preclude arbitrage, and show that equilibrium

exists, if they include the minimum uncertainty set.

In our view, this approach to information transmission and equilibrium pictures



agents’ actual behaviors on markets. Endowed with no price model and unaware of
the primitives of the economy, they infer an arbitrage-free refinement of their infor-
mation from observing trade, first. Whence reached, agents have no means of going

beyond that refinement, and market forces, driven by prices, lead to equilibrium.

The paper is organized as follows: Section 2 presents the model. Section 3 states
the existence Theorem and discusses its main Assumption. Section 4 proves the

Theorem. An Appendix proves technical Lemmas.

2 The basic model

We consider, throughout, a two-period economy, with private information sig-
nals, a consumption market and a financial market. The sets, I, S, H and J,
respectively, of consumers, states of nature, goods and assets are all finite. The first
period will also be referred to as t = 0 and the second, as t = 1. At ¢ =0, there is an
uncertainty on which state of nature, s € S, will prevail tomorrow. The non random

state at t = 0 is denoted by s = 0 and, whenever ¥ c S, we will denote ¥ := {0} UX.
2.1 Markets, information and beliefs

Agents consume and may exchange the same consumption goods, h € H, on the
spot markets of each period. The generic " agent’s welfare is measured, ex post,

by a utility index, u; : R2¥ — Ry, over her consumptions at both dates.

At the first period, each agent, i € I, receives some private information signal,
S; c S, about which states of the world may occur at ¢ = 1. That is, she knows that
no state, s € S\S;, will prevail tomorrow. Each set S; is assumed to contain the true

state. Hence, the pooled information set, denoted by S := n;<rS;, is non-empty and



we let, w.l.o.g., S = U;crS;. Such a collection of #I finite sets, whose intersection is

non-empty, is called an information structure.

Agents are unaware of the primitives of the economy (e.g., private character-
istics or beliefs), hence, of how prices are determined. Therefore, they typically
face uncertainty over future spot prices and, at ¢t = 0, in each s € S;, the generic
ith agent has a private set of anticipations, P!, of possible spot prices, a subset of

P:={peRI, :|p|=1}>. Agents are, thus, concerned about relative prices only.

Throughout, Q; := U.es, {s} x P! is given, for each agent i € I, summing up her final
uncertainty at ¢ = 0, unless otherwise stated. The collection (£;) is an anticipation
structure, along the following Definition, and we let £ := N;c;Q;. We refer to Q :=

S x P as the forecast set and denote by w its generic element.

Definition 1 An anticipation set is a closed subset, Q, of Q= S x P. An anticipation
structure is a collection of anticipation sets, (Q;), such that:

Vs €S8, ({s} x P)N(Nie1@i) # @

The set of anticipations structures is denoted by AS.

Let (Qi) € AS be given. An anticipation structure, (Q,) € AS, which is smaller (for
the inclusion relation) than (Q;), is called a refinement of (Q;), and denoted by
Q) <(@i). Itis said to be self-attainable if Nie1Q, = NierQ;-

A belief is probability distibution over (Q,B(Q)), whose support is an anticipation set.

A collection of beliefs, (n;), whose supports define the anticipation structure (Q;) € AS

is called a structure of beliefs, said to support (Q;) and denoted by (m;) € Iq,).

Agents may operate financial transfers across states in S’ by exchanging, at t = 0,

finitely many assets j € J, which pay off, at ¢t = 1, conditionally on the realization of

2 As is standard, Ry denotes the set of non-negative real numbers and R4 denotes that of strictly positive.



forecasts. These payoffs, which may be nominal or real, define a continuous mapping,
V : Q — R, which relates every forecast, w := (s,p) € Q to the row vector, V(w) € R/,
of the #J asset payoffs in units of account, conditionally on the joint occurrence of
state s € S and price p € P on the spot market tomorrow. We denote by V the above

set of maps (V € V) and let Vy :={V' €V : supcq |V'(w) — V(w)| < A}, for every X\ > 0.

Given the asset price, ¢ € R/, a portfolio, z = (z;) € R’, is a contract, which an
agent may buy or sell at the cost of ¢-z units of account at ¢ = 0, and which specifies
the quantities, z;, of each asset j € J (bought or sold) and delivers a flow, V(w) - 2,

of conditional payoffs across forecasts, w € Q.

Definition 2 Given ¢ € R’, an anticipation structure, (Q;) € AS, is said to be q-
arbitrage-free if following no-arbitrage Condition holds:
Biz) eI xR :—q-2>0 and V(w) -z >0, Yw € Q;, with one strict inequality.

A structure, (Q;) € AS, is arbitrage-free if it is q-arbitrage-free for some q € R’.

2.2 The agent’s behaviour and the concept of equilibrium

Each agent, i € I, receives an endowment, e; := (e;,) € RT” : granting the com-
modity bundles, e;p € RY at ¢t = 0, and e;, € RY, in each state s € S, if it prevails.
We recall that agents’ private forecasts are represented by an anticipation struc-
ture, (Q;) € AS, which they have reached when they elect their strategies (with
(Q:) = (%), set as given, unless stated otherwise). Given (Q;) € AS and the observed
prices, wo := (po,q) € RY xR, at t = 0, the generic i'" agent’s consumption set is that

of continuous mappings, = : Q,—R (where @, := {0}UQ;), namely: X;:= C (Q}, RY).

Thus, her consumptions, z € X;, are mappings, relating s = 0 to a consumption

decision, =z, := zo := (zf}) € R¥, at ¢t = 0, and, continuously on Q;, every forecast,



w = (s,ps) € Q;, to a consumption decision, z, := (z!) € R¥, at t=1, which is

conditional on the joint observation of state s, and price p,, on the spot market.

The generic i*" agent elects a strategy, (z,2) € X;xR”, in the following budget set:

Bi(wo, Q:, V) = {(z,2) € X; xR : po-(z0—ei0)< —q-z and ps-(z,—eis) <V (w)-2, Yw := (s,ps) € Qi }.

Given agents’ beliefs at the time of trading, (;) € Ig,), each consumer, i € I, has

preferences represented by the V.N.M. utility function: = € X; — U (z) := [ o, wi(20, 20)dmi(w).

This economy, denoted by € = {(I, S, H, J),V, (e;)icr, (u:)ics }, retains the small con-
sumer price-taker hypothesis, along which no single agent may, alone, have a sig-

nificant impact on prices. It is called standard under the following Conditions:
o Assumption A1 (strong survival): for each ic I, e; ¢ RY™:;

o Assumption A2: for each i € I, u; is continuous, strictly concave and in-

creasing: ((z,y,2',y") € RY)Y, (2,y) < (@',y), (z,9) # (@, y)] = [wi@,y') > wi(z,y));

o Assumption A3: for every (i,h) € IxH, the mapping (x,y) — Ou;(z,y)/y" is
defined and continuous on {(z,y) € RIxRY : y" > 0}, and (inf 4 Oui(z,y)/0y") > 0,

for every bounded subset A C {(z,y) € RIxRY : y" > 0}.

Remark 1 In Assumption A2, which could be weakened, strict concavity is re-
tained to alleviate the proof of a selection amongst optimal strategies (see the proof
of Lemma 4 in the Appendix). Moreover, we notice the technical Assumption A3

is consistent with the standard Inada Conditions, without requiring them.

Consumers’ behavior is to elect an optimal strategy in the buget set. So the below
concept of equilibrium, which is both sequential, since all agents have self-fulfilling

forecasts (under condition (a)), and temporary, since anticipations are exogenous.



Definition 3 A collection of prices and forecasts, wo := (po.q) € RY x R7 and {w, =
(5,ps)}ses € S x P, of an anticipation structure, (Q;) € AS, and supporting beliefs,
(mi) € U(g,), and of strategies, [(z;,2)] € xie1Bi(wo, Q;, V), 1s said to be a (sequential)
equilibrium of the economy, £, or a correct foresight equilibrium (C.F.E.), if the
following conditions hold:

(a) {ws}ses C Q= Nic1Qi;

(b) Vi € I, (25,2) € argmax(, .)e B, (wo.0rv) Ul (z);

(€) Yier(@iw, —eis) =0, Vs € 8';

(d) > ierzi=0.

Under above conditions, each forecast, w, (for s € 8), is said to support equilibrium.

For all A > 0, we let &, be the set of economies, Ex= {(I,S, H,J), Vx, (e), (w;)},
defined as above, with the only difference of the payoff map, Vy € V,, replacing
vV €V, and whose equilibria are defined accordingly. Given A > 0, we say that the

economy, £, admits a A-equilibrium, if some economy, £¢ &,, has an equilibrium.

3 The existence theorem

We now show that uncertainty and existence of equilibrium are closely related.

3.1 The minimum uncertainty set

Definition 4 The minimum uncertainty set is the set, A C S x P, of forecasts, which

support an equilibrium of the economy, &, for some structure of beliefs today.

Lemma 1 In a standard economy, &, there exists ¢ €0, 1], such that A c Sx[e, 1]*.
Proof See the Appendix. O

As shown below, in a standard economy, A is never empty. This is due to the fact

that, for every A > 0, the economy, £, admits a A-equilibrium, from Theorem 1 of



our companion manuscript (see De Boisdeffre, 2017). Thus, for every A > 0, the set,
Ay, of forecasts which support a A-equilibrium, is non empty. From the compactness
of Q, the limit set A* :=limy o+ \, Ay = NpenAy/,, is also non-empty. The relation,
A c A*, holds from the Definition. We let the reader check from the Appendix that
A* also meets the condition of Lemma 1. Leaving to subsequent research the study

of whether the inclusion is strict, we now state our main Theorem.

Theorem 1 In a standard economy, £, such that A C Q, an equilibrium exists,

for any supporting beliefs, (m;) € I(q,).

Under the Theorem’s Condition, A c ©, a CFE exists, for any beliefs, (r;) € II(g,).

We explain why A is a set of "minimum uncertainty" and how it could be inferred.

On the first issue, when today’s beliefs are private, no equilibrium price should
be ruled out a priori. Theoretically, the set, A, of all possible equilibrium prices
tomorrow (for some beliefs today), is one of incompressible uncertainty. Practically,
it could become so in times of enhanced uncertainty, volatility or erratic beliefs,

which would prevent any agreement or visibility on the individual agents’ forecasts.

On the second issue, the model specifies normalised prices. It is often possible
to observe past prices and reckon their relative values, in a wide array of situations,
or states, which typically replicate over time. Relative prices vary between observ-
able upper and lower bounds. Along a sensible assumption, markets are mostly
at equilibrium and, whenever price series are long enough, all equilibrium forecasts
should lie within the bounds of the price series’ convex hull. This statistical method
and its iterative verification across periods require no price model and need not be

performed by individuals, but by financial institutions, which could, e.g., on stock



markets, assess and predict plausible prices and sensible beliefs, from it.?

4 The existence proof

Throughout, we set as given arbitrary beliefs, (m;) € I(o,) and assume the econ-
omy, &, is standard. We construct a sequence of auxiliary finite economies, tending
to the initial one. All finite economies admit equilibria, whose sequence yields a

C.F.E. Hereafter, we provisionally assume that A* c @ (instead of A c Q).

4.1 Finite partitions of agents’ anticipation sets

o Let (i,n) € I x N be given. We define a partition, P/ = {Qf; ) h<k<x,,.,» Of L,

such that 7;(Qf, ) > 0, for each k < K(; ).

o In each set Qf, ) (for k < K(i)), we select exactly one interior element, wf; ),

forming the set, Q7 := {w; ) hi<r<rg -

o We define mappings, 77 : Qf — Ry, by 7} (wf; ) = m(; ,,)) and @} : Q; — QF, by

its restrictions, @ ., (w) =wf,,,, for each k < K(; ).

i/ ok
Lemma 2 For each i € I, we may choose the above defined sequences, {P"},en,
{0} en and {®7},en, Such that:

(i) for every n e N, Qr c Q' and P! is finer than PP;

(1) Qi =lim, oo / QF = UpenQ?, that is, U,enQ? is everywhere dense in $;;

(iii) for every w € Q;, w = lim, ., ®?(w), and ®7(w) converges uniformly to w.

Proof See the Appendix, which provides one example of such sequences. 0

3 E.g., if the future reflects the past, if S is also a set of past states and, for every s € S, the past price serie,

T Ts Ts
(pt) € (P)Ts (where Ts € N) is large, the set {(s,ys) € SXP: ys = Zatp’; / Zatng, (o) € RIS, Zatzl},
t=1 t=1 t=1

could easily be checked, iteratively, to contain self-fulfilling forecasts, hence, assessed to contain A.



4.2 The auxiliary economies, £"

Given n € N, we define a two-period economy, " ={(I, S, H,J),(Om), (e;), (u;)},
where agents, i € I, receive endowments, e; € Rfsé, trade goods, h € H, and assets,

j € J, as follows, for each i € I:

e we let Q" = {i} x Q and ©F := SUQ;" define an information structure, (07),

of a formal state space, ©" := U;c;0", whose pooled information set is S.

e In each (realizable) state s € S, the i*" agent is assumed to anticipate with

perfect foresight the spot price to prevail.

e In each (purely formal) state (i,s,p) € Q:", the agent has an idiosyncratic cer-

tainty that price p € P will prevail.

For any price system (wo := (po,q),p == (ps)) € R¥ x R/ x RS and payoff map,
V™ €V, (as defined in sub-Section 2.1), the agent’s consumption set, budget set,

and utility function are, respectively:
Xn = ngl X ngy, whose generic element is z := ((zs)ses’, (Tw)wear);

B (wo,p, V™) :={ (z,2) € X]'XR” : po-(zo—ei0)< —q-z and py-(zs—eis)< V™(s,p,)z, Vs €S
and p-(zy—eis)<V"(s,p)2z, Yw:= (s,p) € A} };

U (T T
z e X' ul(z):= %#SS) +(1 - %) Z w;i (2o, T TR (W).

weny

»
M
|

Definition 5 The collection of a payoff map, V™ € Vy,,, a price system, (wg,p") €
RExR/xRTS and strategies, [(«7,21)] € xicrBMwy,p™, V™), is an equilibrium of the
economy E" (and a L-equilibrium of the economy &) if the following conditions hold:

(a) Vi € I, o} € argmax(y 2)eBr (wa pn,vn) Ui ()5

10



(b) Ziel(m?sfeis) =0, Vse8';

(c) Zie[ zi = 0.

From our companion paper’s (op.cit.) Theorem 1 and proof, for every n €
N, there exists V" € Vy,,, for which the economy, £", has an equilibrium, C":=
(Wi ™), Vo [(22, 20)]) € (REXRIXREZ) %V x (xier BHwh,p™)), such that [p2] =1, for

each s € S, and ||p?| + |l¢"|| = 1. These equilibria, set as given, satisfy Lemmas 3 &4.

Lemma 3 Let the sequence {C"},en, be given from above. The following holds:
(i) the sequence, {(w%,p"™)}nen, may be assumed to converge, say to (wy,p*), such that
lwill =1 and |lpi| =1, for every s €S, and {(s,p})}ses C A*;

(ii) the sequences {(z1%)ses'} and {(z1)} may be assumed to converge, say to (z},)ses’,

and (z), such that >, ;(z},—¢€is)sess =0, and Y, ., 2" = 0.

Proof see the Appendix. O

Lemma 4 Let B;(w,z) = {z € R : p-(z — e;5) < V(w)-2}, for every (i,z,w := (s,p)) €
IxR7xQ, be given sets. Denote by w; = (s,p}), and =z}, := z,, for each (i,s) € IxS,
the limits of Lemma 3. The following Assertions hold, for all i € I:

(i) for every s € S, {z},.} = argmax u;(z}y, ), for = € Bi(w}, 2f);

(ii) the correspondence w € Q; — argmax wu;(z},z), for x € Bi(w,2}), 1S a continuous

mapping, whose embedding, x}

3

cw € QL at,, defines a consumption plan;

w?
(190) U (xF) = limy, oo ul (z]).
Proof see the Appendix. 0

4.3 An equilibrium of the initial economy

We now prove Theorem 1, via the following Claim.

11



Claim 1 The collection, {(w}),(r,), (x]),(2})}, of prices, forecasts, beliefs, allocation

and portfolios of Lemmas 3-4, defines (jointly with (€;)) a CFE of the economy E.

Proof Let us define C* := ((w?), (7:), [(z}, 2{)]) as in Claim 1. From Lemmas 3 and
4, ¢* meets Conditions (a)-(c)-(d) of Definition 3 of equilibrium above, since we have
provisionally assumed that A* ¢ @, while {(s,p?)}ses € A*, from Lemma 3. Thus, it

suffices to show the joint relations [(z7, 2})] € x;e1B;(w§, i, V) and Definition 3-(b).

First, we set i € I as given, and show: (f,2}) € B;(w§, Q). From the definition of

C, the relations p§-(27 — ei0) < —¢"-2 hold, for each n € N, and, yield p-(x%, — ei) <

—q*-z}, in the limit. From Lemma 4, the relations z; € X; and p,-(z}, — e;s) < V(w)-2}

Liw 7

also hold, for every w = (s,p;s) € Q,. Hence, [(x},2])] € xierBi(w§, 2, V) holds.

Rt

Next, we assume, by contraposition, that ¢* fails to meet Condition (b) of Defi-

nition 3, that is, there exist i € I, (z,2) € B;(w,Q;, V) and € € R, ,, such that:
(1) e+ U (z7) <U (2).
We may assume: (IT) 30, M)eR2: x, €[5, M), Yw € Q.

The existence of an upper bound to consumptions =z, (for w € Q;) results from
the relation (z,2) € B;(w§,Qs, V), which implies a bound to financial transfers, and
from the fact that Q; is closed in S x P. Moreover, for a €]0,1] small enough, the
strategy (z%,2%) = ((1 — @)z + ae;, (1 — a)z) € B;(w§, s, V) meets both relations (7) and
(IT), from Assumption A7 and from the uniform continuity (on a compact set) of

the mapping (a,w) € [0,1] x Q; — u;(z§,x2). So, relations (I7) may be assumed.

Then, we let the reader check, as immediate from the relations (1)-(11) and (z,z2) €
Bi(wy,Q4, V), from Lemma 3, the definition of ;, Assumptions A7-A2 and continuity

arguments, that we may also assume there exists v € R, ;, such that:

12



From relations (1)-(I1)-(I111), we may also assume there exists v’ €]0,~|, such that:
(IV) p§(mo —eip) < =y — q*z and ps-(7, — €is) < = + V(w)-z, Yw := (s,ps) € Q.

Indeed, the above assertion is obvious, from relations (I11), if p§-(zo —ei0) < —q*-2.
Assume that pj-(zo — ei) = —¢*-2. If p5 = 0, then, ¢* # 0, from Lemma 2-(iii), and
relations (IV) hold if we replace z by z — ¢*/N, for N € N big enough. If pj # 0 and
zo # 0, the desired assertion results from Assumption A1 and above. Otherwise,
—q* -z = —p} - ejo < 0, and a slight change in portfolio insures relations (V). From
relations (IV), the continuity of the scalar product and Lemma 3, there exists N; € N,

such that, for every n > Ny:

po-(zo — €io) < —q"-2
(V) Py-(Twr —eis) < V"(s,pl)2, Vs €8
Ds-(Tw — €i5) K VM (w)-z =V (w)-z, Yw = (s,ps) € Q7
Along relations (V), for each n > N;, we define, in £", the strategy (z",z2) €

Bi(wg,p", V") by af = @0, 2 = xwy, and af} ) = 2, for (s,w) € 8 x O, and recall:

o Uli(z) == fweQi ui(zo, T )dmi(w);
U;(To,Ts)

RUCOEDY s T %) Y wilzo, z)m} ().

seS weny
Then, from above, relation (77), Lemma 2, and the uniform continuity of
r € X; and u; on compact sets, there exists N, > N; such that:

(VI) U (z)-ul(z™)| < fweﬂi [ui (w0, Tw)-ui(To, Tar () )|dmi(w) + § < 5, for every n > N,.

From equilibrium conditions and Lemma 4, there exists N3 > N,, such that:

?

(VII)  wl(z™) <ul(zl) < §+ U (a}), for every n > Nj.

13



Let n > N3 be given. The above Conditions (I)-(VI)-(VII) yield, jointly:

Ui'(z) < § +ui (@) < 5 +ui(ef) <e+ UM (a7) <UT(2).

This contradiction proves that ¢* is a C.F.E. Indeed, from Lemma 3, the relation
{(s,p)}ses € A* holds, while A* ¢ © was provisionally assumed. Yet, from above,

{(s,p*)}ses C A C A*, as a set of equilibrium forecasts. Hence, Theorem 1 holds.

Appendix
Lemma 1 In a standard economy, £, there exists € €0, 1], such that A c Sx|e, 1]7.

Proof Let a standard economy, £*, and a forecast, w := (s,p) € A, be given,
which supports a CFE, {(w;)ses, (Qi), V. (7)), [(zi, 2;)]}. The relation p := (p")nen € RY,

is standard from Assumption A2 and Definition 3-(b).

Let m = (ming s perxsxn €l) € Ryy and M = (max(spesxn D €h) € Ryy be
given, along Assumption A1. Then, the relations (z;0) >0, (zi) = 0, >, (zio—ein) =0
and Y, ;(ziw—eis) = 0, which hold from Definition 2-(c), yield z; € [0, M] and

z4, € [0, M]H, for each i € I.

Let a :=inf Ou;(x,y)/0y", for (i,h,(z,y)) € I x H x {(z,y) € [0, M]*" : y" > 0}, and
B :=max Ou;(x,y)/0y", for (i,h,(z,y)) € I x Hx {(z,y) € [0, M]*" : y"» >m }, and v = B/«

be strictly postive numbers, along Assumption A3, above.

Let (h,n’') € H? be given and assume, by contraposition, that p"/p" > ~. From
the above relations, there exists at least one agent, say i = 1, unwilling to sell
good h, when forecasting w := (s,p) € A, that is, 2 € [m,M]. We let the reader

check, as tedious and standard, that agent i = 1, starting from (x1,2), could find a

utility increasing strategy, (z3,21) € Bi(wo, @1, V), modifying her consumptions in her
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forecast w only, such that =i < 2% and z" > 2% . Indeed, with p/p" > ~, she has
an incentive to sell a small amount of the expensive commodity, h, in exchange for
commodity »’. Hence, (x1,2;) cannot be an equilibrium strategy. This contradiction

proves the relation p"/p" < ~v. We let the reader check, from the above relations,

p>>0, ||p| =1 and p"/p"" <, for (h, k') € H?, that p" > ¢ :=1/4#H, for each h € H.

Lemma 2 For each i € I, we may choose the above defined sequences, {P"},en,
{7} en and {7} ,en, such that:

(i) for every neN, QF c Q' and P is finer than P!;

(i1) Q =lim, oo / QO = U,enQ?, that is, U,enQ? is everywhere dense in Q;;

(iii) for every w € Q;, w =lim, o, ®7(w), and ®7(w) converges uniformly to w.

Proof We set as given (i,n) € I xN, recall, from Definition 1, that ©; := Useg, {s} x
Pt and let K™ := (NN [1,2"))2. For each s € S; and each k, := (k") € K", we define the
set Q") = {5} x (PIN spen)t, 5, and let K7 = {k, € K™ : 7;(2*)) > 0}. The

above sets yield ever finer partitions, P! := {Qgs”““}(s,kn)emm, of Q;, for n € N.

For every triple (n, s, k,) € Nx S, x K, we set as given one element, wiskn) ¢ QES”“”),

i

and construct sets O == {w{**"} (., es,xx» such that QF c Q7+, for each n € N.

We define mappings, 7 : Q; — Q", by ®7(w) := (™) for every tuple (n,s, kn,w) €
N x S; x K™ x Q%) "and finite probabilities, 77, on Q, by the relations =7 (w!**")) :=
m(QF)) > 0, for every triple (n, s, k,) € N x S; x K*. The above sequences, {P"}nex,

i

{02} hen, {®7} nen and {77},en (for i € I) satisfy the properties of Lemma 2. 0

Lemma 3 Let the sequence {C"}nen, be given from above. The following holds:
(i) the sequence, {(wk,p")}nen may be assumed to converge, say to (wg,p*), such that

lwill =1 and ||pi| = 1, for every s €S, and {(s,p;)}ses C A*;
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(ii) the sequences {(a%)ses'} and {(z1)} may be assumed to converge, say to (z})ses’,

and (z;), such that >, ;(z},—¢€is)sess =0, and Y, ., 2" = 0.

Proof Assertion (i) is obvious from continuity and compactness arguments. g
Assertion (ii) The non-negativity and market clearance conditions over consump-
tions imply that consumptions are bounded in each state s € S’, hence, may be
assumed to converge. To prove that attainable strategies are also bounded, we first
let n € N be given and show attainable strategies of the economy £" are bounded.

From the definition of anticipations, it suffices to show that portfolios are bounded.

o Let 6 = ||(e;)||. Assume, by contraposition, that, for every k € N, there exist

attainable strategies, [(z¥,2F)], in the economy £", and prices, (p¥) € PS, such

1771

that ||2*|| := ||(z¥)|| > k. For each k € N, market clearance and budget conditions

yield: Sier 28 =0, and V(s pF)-zF > —6, V(i,s,k) € I x S x N.

K2

k

e Forevery (i, k) € IxN, we let o/F .= 2+ (1— 21 )e; and 2% = % . Then, (%) =

(Bl [ [ER

1 and the sequences, {(z/F)}ren and {(p*)}ren, have cluster points, (z;),and (p,),

such that ||(z)| =1, and:

Sier 2 =0, V(s,pb)2F > —6/k,V(i,s,k) € I x Sx N, and, passing to the limit,

Yoier % =0, V™(s,ps)-2z; > 0,Y(i,s;) € IS,

From our companion paper (op.cit.), by construction, the truncation to S of V"
has full column rank and the latter relations imply (z;) = 0 and contradict the fact
that ||(z;)| = 1. This contradiction proves that attainable strategies are bounded in
every finite number of economies. We now prove that they are bounded across any

number of economies.

e As above, we need only show portfolios are bounded. We let the reader check

that all contraposition arguments above translate, mutatis mutandis, and en-
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large to the following ones, on double indexed sequences of prices, (pi"*), and
portfolios (")), where (n,k) € N? (n standing for the economy). The final

contraposition arguments are (with same notations):

Zie] Z/(n’k) = 0 ) Vn(s’pgn,k))zi(n,k) 2 _6/k7

K2

Vi (ws) 2™ > =5 /k, (i, s, wi,m, k) € I x 8 x QF x N2,

7

e Given n € N, by construction of V" along our companion paper (op.cit.), the
payoffs of V and V" only differ in states s € S. So, we may write the above
inequalities in fictitious states only as follows:

Sier 20 =0, V(w) 2" = =8 /k, Vi, wiyn k) € T x QF x N2

e For every (i,n) € I xN, we let Z;, == {z e R/ : V(w)z = 0,Yw € ;}, and Z;- be its
orthogonal, Z" := {z € R/ : V(w)z = 0,Yw € O} and Z, := }_,.; Z;. We let the
reader check that Z! := Z;, for n € N large enough, so we will assume w.l.o.g.
that zr .= Z; for every (i,n) € I x N. Taking the projections on the orthogonals,

the above relations may be written:

Sier 20 € Zy Vw2 = =8k, V(i wi) € Tx Qp with 2/ e z+,

?

hence, in the limit, >°..; z € Z, , V(wi)-z 2 0, V(i,w;) € I x Q;, with ||(z)] = 1.

e The latter relations imply (because (2;) is arbitrage-free) (z;) € x;c1Z;, hence,
(21) € xierZiNZ+ = {0}, which contradicts the relation ||(z;)|| = 1. This contradic-
tion completes the proof of Assertion (ii). The rest of the Assertion is immediate

from market clearance conditions on equilibria, passing to the limit. O

Lemma 4 Let B;(w,z) = {z € RY : p-(z — e;5) < V(w)-2}, for every (i,z,w = (s,p)) €
IxR7xQ, be given sets. Denote by w; := (s,p3), and zj,. := =z}, for each (i,s) € IxS,

the limits of Lemma 3. The following Assertions hold, for all i € I:
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(i) for every s €S, {z},-} = argmax u;(2), 2), for x € Bi(w?, 2});
(i) the correspondence w € Q; — argmax u;(zy,x), for x € B;(w,2}), is a continuous

cw e Qo ak, defines a consumption plan;

w?

mapping, whose embedding, x}

K2

(49¢) U (x}) = limy,— 00 u (2]).

%

Proof
Assertion (i) Let (i,s) € IxS be given. For each n € N, the fact that ¢" is an
equilibrium of £" implies: z}, € argmaxyepn(wr 2n) ui(jy, y), Where Bf(w,z) = {z € RY :

p-(2-€i5) < V™ (w)-2}.

As standard from Berge’s Theorem (see, e.g., Debreu, 1959, p. 19), with slight
abuse the correspondence (mapping from Assumption A2), (z,w,z, V") € RY xQxR7 xV —
arg maxyegr(w,2) i(z,y), is continuous at (z,w?, 2, V), since u; and By are. Moreover,

EEE )

from above, (z}), 25, w?, 25, V) = lim, oo (21, 27, w?, 27, V™). Hence, the latter relations

100 ~esy sy ©9 (R Rt A

(for n € N) pass to limit and yield: {z,.} := {2},} = argmax e p, (- .2) wi(2}, ). 0

Assertion (ii) Let i € I and BP'(w,z) = {z € R : p-(z-¢;5) < V"(w)-2}, for each n € N,
be given. For every (w,n) € Q; x N, the fact that ¢ is an equilibrium of &” and

Assumption A2 imply: {Zjen ()} = argmaxyepr o (w),=2) w2y, )-

By the same token, the mapping, (z,w,z, V") € RIxQxR/xV - arg maxye pn(v,2) wi(z,y),
is continuous. Moreover, from above, the relation (2}, w, 2, V) = lim,,_ o0 (21, 7 (w), 27, V")
holds. Hence, the above relations (for n € N) pass to the limit and yield a continu-
OUS Mapping, w € Q; — xj, = arg maxye g, (w,-r) Ui (¢jp, y), whose embedding, =} : w € {0}U

3

Q; — ¥, is a consumption plan, ; € X;, from the definition. O

w?

Assertion (i4i) Let i € I be given and z} € X; be defined from above. With slight
abuse in notations, let ¢, : (z,w,2,V") € RYXQ xR XV — argmaxyecpn(u,.) wi(z,y) be

defined on its domain. By the same token, ¢, and U; : (z,w, 2, V") +— u;(x, ¢, (2, w, 2, V"))
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100 *iw D)

are continuous and, moreover, the relations u;(z},, z%,) = U;(z}y, w, 25, V) and u;(x2, Tepr () =

Ui(22, @2 (w), 27, V™) hold, for every (w,n) € Q;xN. Then, the uniform continuity of w;

and U; on compact sets, yield, from above:

(I) Ve >0, AN € N:Vn > N, Vw € Q;, | ui(zy, 23,) — ui@iy, ¥jpn ) | <e

107 ¥ iw

Moreover, we recall the following definitions, for every n > N:

(II) Uzﬂ-7 (.’L‘t) = fweQ ( Lo, T Lw)dﬁl( )
7L TL -’L‘Z,xn ]. n n n
(III) U,; Z 2n+1 S 1_ 27:+1 ) Z u’i(xi07xiw)7ri (w)
seS wey
Then, Assertion (iii) results immediately from relations (1)-(I11)-(I11) above. O
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