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Laboratoire de Mathématiques et de leurs Applications and Inria CAGIRE Team,
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Abstract
The proper scaling of the pressure-velocity coupling that arises from the Momentum Interpolation approach for unsteady calculation in low Mach number flow is first identified.
Then, it is used to suggest a modification of the AUSM+ -up scheme that allows acoustic
simulations in low Mach number flow.
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1 Introduction

Unsteady flow calculation in the low Mach number regime, in particular when
acoustics has to be accounted for, remains a challenging problem. Usually, the numerical pressure dissipation, necessary to overcome the checkerboard decoupling
that arises when a finite volume method in co-located arrangement is applied, is
designed from analysis of steady flow problems only. The resulting numerical dissipation is not time-step dependent and therefore cannot permit to properly follow
the flow unsteadiness. In Ref. [1], the present authors demonstrated that with a
time-consistent definition of the face velocity based on Momentum Interpolation,
an accurate representation of travelling acoustic waves is obtained in a low Mach
∗ Corresponding author. Tel.: +32 9 264 33 01.
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number flow 1 . It was also demonstrated that the quite commonly used AUSM+ -up
definition of the face velocity leads to strong damping of acoustic travelling waves.
In the present contribution, we analyse the low Mach number scaling of the pressure dissipation term in the Momentum Interpolation method with the approach of
Venkateswaran and Merkle in Refs. [3,4], and derive from it a guideline for improving the pressure dissipation term of the AUSM+ -up method. It is demonstrated
that the modified AUSM+ -up method works very well for some kinds of problems
with acoustic waves in low Mach number flow, but that for other types of problems
the quality of the Momentum Interpolation can still not be reached.

2 Algorithmic framework

A one-dimensional flow of air in a pipe with variable cross-section area S is considered. The viscous effects and heat transfer are neglected. The flow is governed
by the Euler equations,
∂t (̺S) + ∂x (̺vS) = 0,
∂t (̺vS) + ∂x (̺v 2 S) + S∂x p = 0,
∂t (̺ES) + ∂x (̺HvS) = 0,
1
1
with ̺e =
p (ideal gas), E = e + v 2 , ̺H = ̺E + p,
γ−1
2

(1)
(2)
(3)
(4)

where t, ̺, p, v, e, E and H denote time, density, pressure, velocity, internal energy, total energy and total enthalpy per unit mass and x denotes the coordinate
in the flow direction. Furthermore, γ is the ratio of the specific heats. The pipe is
divided into N cells of equal length ∆x. A finite volume formulation is applied,
with co-located variables at the centres of the cells. In the convective flux terms in
Eqs. (1)-(3), density ̺, momentum ̺v and total enthalpy per unit of volume ̺H are
considered as transported quantities and defined with a second order TVD upwind
method. The common velocity in the convective fluxes is considered as the transporting velocity, defined on faces of the cells. With the basic algorithm, the face
velocity follows from Momentum Interpolation, as detailed in the next section. The
AUSM+ -up definition is briefly recalled in a later section. The discretization of the
pressure gradient in the momentum equation (2) which requires the definition of
the pressure on the cell faces, is also detailed in the next section.

1

In Ref. [2], we showed that the lack of time consistency of the time-step dependent
face velocity influences in a negative way the quality of the solution also for steady flow
calculations.

2

3 Predictor-corrector formulation with face velocity from Momentum Interpolation

In Ref. [1], the present authors formulated a predictor-corrector algorithm of a quite
general form. The purpose was to set up a framework for study of a broad class of
algorithms. In practice though, such a general formulation is often not necessary.
In this paper, we use a predictor-corrector algorithm of classic form, which is a
simplified version of the algorithm described in Ref. [1], but with exactly the same
result for the problems under study here. Each time-step n → n + 1 is decomposed
into a predictor step determining variables at an intermediate level denoted by ⋆,
followed by a corrector step with correction quantities denoted by ′. Furthermore,
since the equations are non-linear, iterations denoted by k are used in between the
time levels n and n + 1. At the first iteration, variables at level k are equal to
those at time level n. At time level n, all nodal quantities are known, as well as the
n
values of the transporting velocity vi+1/2
and the pressure pni+1/2 on the faces. The
faces are denoted by half indices. The velocity written with subscript i + 1/2 is the
transporting velocity. The velocity as transported quantity is part of the transported
momentum and is defined with a TVD upwind method. Distinction between the
two meanings of the velocity will always be clear in the formulae.
Predicted values are derived from the continuity equation (1) and the momentum
equation (2) by
Si
1
k
(3̺⋆i − 4̺ni + ̺in−1 ) + Si+1/2 {̺⋆i + ψi (̺k )(̺ki − ̺ki−1 )}vi+1/2
2τ
2
1
k
− Si−1/2 {̺⋆i−1 + ψi−1 (̺k )(̺ki−1 − ̺ki−2 )}vi−1/2
= 0, (5)
2
Si
[3(̺v)⋆i − 4(̺v)ni + (̺v)in−1 ]
2τ
1
k
+ Si+1/2 {(̺v)⋆i + ψi ((̺v)k )[(̺v)ki − (̺v)ki−1 ]}vi+1/2
2
1
⋆
k
− Si−1/2 {(̺v)i−1 + ψi−1 ((̺v)k )[(̺v)ki−1 − (̺v)ki−2 ]}vi−1/2
2
+ Si (pki+1/2 − pki−1/2 ) = 0. (6)
The time integration is second order backward. The space discretization is second order upwind TVD, where ψ denotes the limiter function. The parameter τ
stands formally for ∆t/∆x and is determined in practice by CFLv /vmax , where
CFLv denotes a chosen convective CFL number and vmax is the maximum value
of the convective velocity in the field. In the numerical tests, only flows with positive convective velocity are considered. Positive values are assumed for the space
discretization of the convective terms in Eqs. (5)-(6). Due to the implicit time discretization, the convective CFL number is allowed to be larger than unity. For ac3

curacy reasons, however, we will choose this number much smaller than unity in
the tests detailed in later sections.
From the predicted values of density ̺⋆i and momentum (̺v)⋆i , predicted values of
velocity vi⋆ are determined at the nodes. Combined with p⋆ = pk , predicted values
e⋆i , Ei⋆ and (̺H)⋆i are obtained according to Eqs. (4). Next, predicted values of
⋆
the face quantities p⋆i+1/2 and vi+1/2
are calculated. The face value of pressure is
taken through the low Mach number adaptation of AUSM+ [5], with the scaling
function of the AUSM+ -up scheme [6], but without the velocity diffusion term in
the pressure interpolation formula and without the pressure dissipation term in the
definition of the Mach number on the face. For details, we refer to the original
publications on the AUSM discretization [5,6], as well as to our earlier publication
[1]. This means that the face pressure is determined by a polynomial interpolation
between values on both sides of the face, obtained from the TVD definition,
pi+1/2 = fp+ (ML )pL + fp− (MR )pR ,

(7)

where the polynomials (fp+ and fp− ) are function of the Mach number on both
sides, with a quite particular definition of these Mach numbers, based on a common
interface speed of sound.
The Momentum Interpolation technique is based on the observation that the momentum equation (6) at a node is of the form
Bi = Ai (̺v)⋆i +

1
[3(̺v)⋆i − 4(̺v)ni + (̺v)in−1 ] + pki+1/2 − pki−1/2 ,
2τ

(8)

with
Bi = −

and Ai =

Si+1/2 1
k
{ ψi ((̺v)k )[(̺v)ki − (̺v)ki−1 ]}vi+1/2
Si
2
Si−1/2
1
k
+
{(̺v)⋆i−1 + ψi−1 ((̺v)k )[(̺v)ki−1 − (̺v)ki−2 ]}vi−1/2
Si
2

Si+1/2 k
vi+1/2 .
Si

A similar equation is postulated for the momentum terms on a face as
Bi+1/2 = Ai+1/2 (̺v)⋆i+1/2 +

1
n−1
[3(̺v)⋆i+1/2 −4(̺v)ni+1/2 +(̺v)i+1/2
]+pki+1 −pki , (9)
2τ

where two terms in the balance of the momentum fluxes are interpolated, but where
the inertia term and the pressure term are written directly on the face. We use the
so-called classic Rhie-Chow interpolation, namely:
2
Ai+1/2

=

1
1 Bi+1/2
Bi Bi+1
+
,
=
+
,
Ai Ai+1 Ai+1/2
Ai Ai+1
4

but the precise way of interpolation is not critical [1,7,8]. The transporting face
velocity is deduced from the momentum equation by
⋆
vi+1/2
= (̺v)⋆i+1/2 /̺⋆i+1/2 ,

(10)

where the face density is defined with the TVD upwind method.
Corrections for the pressure are derived from the energy equation. This equation is
discretized in the same style as the continuity equation and the momentum equation
by
Si
[3(̺E)⋆i + 3(̺E)′i − 4(̺E)ni + (̺E)in−1 ]
2τ
1
⋆
+ Si+1/2 {(̺H)⋆i + ψi ((̺H)⋆ )[(̺H)⋆i − (̺H)⋆i−1 ]}vi+1/2
2
1
⋆
− Si−1/2 {(̺H)⋆i−1 + ψi−1 ((̺H)⋆ )[(̺H)⋆i−1 − (̺H)⋆i−2 ]}vi−1/2
2
+ Si+1/2 (̺Hv)′i+1/2 − Si−1/2 (̺Hv)′i−1/2 = 0. (11)
The corrections on the enthalpy flux terms are written as
⋆
⋆
(̺Hv)′i+1/2 = Hi+1/2
(̺v)′i+1/2 + (̺H)′i+1/2 vi+1/2
,

(12)

⋆
with Hi+1/2
= (̺H)⋆i+1/2 /̺⋆i+1/2 , where both terms in the ratio are defined with the
TVD upwind method.

Neglecting the contribution of the kinetic energy, the corrections for total energy
and total enthalpy are written as
(̺E)′i =

γ
1 ′
pi , (̺H)′i+1/2 =
p′
,
γ−1
γ − 1 i+1/2

(13)

where p′i+1/2 is interpolated with the AUSM+ -up polynomials as
⋆
p′i+1/2 = fp+ (Mi⋆ )p′i + fp− (Mi+1
)p′i+1 .

(14)

The momentum corrections are written in SIMPLE-style, based on the momentum
equations (8) and (9), as
(Ai +

3
)(̺v)′i = −(p′i+1/2 − p′i−1/2 ),
2τ

(Ai+1/2 +

3
)(̺v)′i+1/2 = −(p′i+1 − p′i ).
2τ

(15)
(16)

Substitution of (13), (14) and (16) into (12) and (11) leads to an extended Poisson equation for the pressure corrections. This equation is solved by a Gaussian
elimination procedure. The pressure corrections are then further used to determine
5

the corrections of the momentum values at the nodes and on the faces by (15) and
(16). Density is corrected by ̺′i = (∂p ̺)⋆i p′i . The whole procedure is then repeated
until convergence. This results then in the equations (5), (6) and (11) with values at
the ∗−level and k−level replaced by values at the time level n + 1 and correction
values in (11) equal to zero. These equations are discretized in the same way and
use the same value of the transporting velocity on the faces.

4 Transporting velocity in Momentum Interpolation

The scaling property of the transporting velocity that arises in the Momentum Interpolation approach is studied, along with its relation with the time-step independency of the steady state, which is related to the time consistency of the scheme.
4.1 Scaling property
We introduce a reference length lr , pressure pr , density ̺r , velocity vr and time tr .
Our purpose is to study acoustic propagation in low Mach number flow. Therefore,
we choose the length of the flow domain as reference length, theq
convective velocity
vr of the background low Mach number flow and the velocity pr /̺r , which is of
the same order as the velocity of sound in the mean flow, as
q reference velocities.
The reference Mach number is thus defined as M = vr / pr /̺r . The reference
time is of the order of the time
q needed by an acoustic wave to travel through the
reference length, thus tr = lr / pr /̺r . The non-dimensional form of the discretized
momentum equation becomes
Bi = Ai (̺v)⋆i +

2St
St
3St
1 k
k
n
n−1
(p
−
p
)
−
(̺v)
+
(̺v)
+
(̺v)⋆i (17)
i+1/2
i−1/2
i
i
2
M
τ
2τ
2τ

where all parameters are non-dimensional, Ai and Bi belong to O (1), and where
St = (lr /vr )/tr is the reference Strouhal number. The non-dimensional form of the
face velocity equation (9) is similarly
1 n−1 n−1
n
(̺v)⋆i+1/2 = KC Bi+1/2 −KP (pki+1 −pki )+KI [2̺ni+1/2 vi+1/2
− ̺i+1/2
vi+1/2 ], (18)
2
where
KC = (Ai+1/2 +

3St −1
KC
St
) , K P = 2 , K I = KC
2τ
M
τ

(19)

are the coefficients of the convection, pressure and inertia terms.
For acoustic problems in low Mach number flow, the reference time is tr = Mlr /vr
(cf. e.g. Ref. [4]), so that the reference Strouhal number St belongs to O (1/M).
6

Table 1
Scalings of the face velocity coefficients for low Mach number acoustic problems with
Momentum Interpolation
Convection term
(1 +

1 −1
τM)

Pressure term
(M2 +

M −1
τ )

Inertia term

Time consistency

(1 + τ M)−1

yes

Thus, the scaling behaviour of the coefficients (19) can be expressed in terms of τ
and M only. The results are given in Table 1. Let us emphasize that these scaling
properties are the same as in the discretized momentum equation (17).

4.2 Time consistency

As pointed out by Pascau [8], an important property, which is related to the time
consistency of the scheme, is the time-step independency of the transporting velocity if a steady state is reached. Inspection of Eq. (18) with coefficients (19), shows
that, at steady state (n = n−1 = ⋆), the transporting velocity at the face is independent of the time-step. Further, the correct M2 scaling of the convection term with
respect to the pressure coefficient in unsteady flows (see Table 1) is maintained for
steady flows.
Physically, at low Mach number, the momentum equation (17) becomes a balance
between the pressure term and the inertia term. Such a balance is also expressed
locally on the face of a control volume by Eq. (18). We say that the scheme is
time-consistent since the individual terms in the expression (18) are similar to corresponding terms in the momentum equation at the nodes (17).

5 Transporting velocity in AUSM+ -type schemes

The idea developed in this section is that the previous observations concerning
the scaling property of the transporting velocity obtained through the Momentum
Interpolation method can be applied with advantage to Godunov-type schemes.
As an example of such schemes, AUSM+ -up is considered [6]. Then, variants of
AUSM+ -up adapted for unsteady calculations are studied.

5.1 Necessity of a time-step dependent definition of the transporting velocity
Possible checkerboard decoupling of the pressure is avoided in the AUSM+ -up
scheme by adding a pressure dissipation term in the interpolation formula for the
7

face velocity. First, the interface Mach number is written as
+
−
Mi+1/2 = fM
(ML )+fM
(MR )−

kp
pR − pL
max{1−(M i+1/2 )2 σ, 0}
,
f (M0,i+1/2 )
̺i+1/2 c2i+1/2
(20)

±
where the expressions for fM
, kp , σ, M i+1/2 , M0,i+1/2 , ci+1/2 and f are given in
±
Ref. [6], and ̺i+1/2 = (̺L + ̺R )/2. Notice that the interpolation polynomials fM
±
are different from fp in Eqs. (7) and (14).

The face velocity is defined by
vi+1/2 = ci+1/2 Mi+1/2 .

(21)

We remark that we may replace the face velocity from Momentum Interpolation (9)
by (21) and still use the pressure correction algorithm, but now with (15) replaced
by
(̺v)′i = −κi+1/2 (p′i+1 − p′i ),
with
κi+1/2 =

kp
⋆
f (M0,i+1/2
)

(22)

max{1 −

̺⋆L
⋆
2
(M i+1/2 ) σ, 0} ⋆
.
̺i+1/2 c⋆i+1/2

The expression (22) has the correct Mach number scaling for steady flows, but
misses the time-dependent term of the Momentum Interpolation approach (cf. Table
1).
The effect of the inappropriate pressure dissipation of AUSM+ -up for acoustic simulation in low Mach number flow was evidenced in our previous study [1]. As it
is illustrated in Fig. 1, which presents results extracted from [1], the AUSM+ -up
scheme leads to unphysical dissipation of acoustic travelling waves when compared to the results obtained with the Momentum Interpolation method. Thus, it
can be hoped that better results be obtained with a modified form of AUSM+ -up, in
order to recover the time-step dependency and the scaling property of the pressurevelocity coupling of the Momentum Interpolation method.

5.2 Time-step dependent AUSM+ -type interpolation
A modification of AUSM+ -up that satisfies the time-step dependency as well as
the suitable scaling property of the pressure-velocity coupling evidenced in Sec. 4,
is suggested. It is compared with the LDFSS-2001 scheme described in Ref. [9],
which is an AUSM variant involving an explicit time-step dependency as well.
8
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0
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Momentum Interpolation
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Fig. 1. Downstream propagation of a wave forced at the left boundary of a pipe of constant
cross-section area S. Pressure distribution at t = 2 ms. The inlet velocity is specified
to oscillate about a mean value V , as v † (t) = V [1 + A sin(2πf t)], where A = 10−2 ,
V = 0.30886 ms−1 and f = 2 103 Hz. Exact solution: • (linear acoustics). Number
of cells: N = 500. Mach number of the background flow: M = 10−3 . Convective CFL
number: CFLv = 10−4 . TVD-limiter is Bounded Central (Figure adapted from Ref. [1]).

• M ODIFIED AUSM+ -up. To adapt the AUSM+ -up scheme in order to obtain a
transporting velocity suitable for acoustic simulation in low Mach number flows,
the interface Mach number given by Eq. (20) is modified such that the scaling of
the coefficient of the pressure gradient becomes (M2 + M/τ )−1 in acoustic regime,
as for the Momentum Interpolation approach (see Table 1):
+
−
Mi+1/2 = fM
(ML ) + fM
(MR )

− kp max{1 − (M i+1/2 )2 σ, 0}

pR − pL
, (23)
̺i+1/2 ci+1/2 [f (M0,i+1/2 )ci+1/2 + βτ ]

where β ∈ O (1). To verify the correct scaling, the reference quantities of Sec. 4.1
are used for the non-dimensionalization of the pressure gradient term in Eq. (23).
As kp max{1 − (M i+1/2 )2 σ, 0} ∈ O (1) if M ≪ 1, it is sufficient to note that the
ratio in the last term of Eq. (23) is not modified in non-dimensional form. Notice
that in Eq. (22), κ is then given by
⋆

κi+1/2 = kp max{1 − (M i+1/2 )2 σ, 0}

̺⋆L
⋆
̺⋆i+1/2 [f (M0,i+1/2
)c⋆i+1/2 + βτ ]

.

• LDFSS-2001. A simplified version of the transporting velocity of LDFSS-2001
described in Ref. [9], in order to bring it in the form (23), is

vi+1/2





pR − pL
,
= c̃i+1/2,conv ML+ + MR− − M̃i+1/2
2
̺i+1/2 v1/2,ref,conv
9

(24)

where
1
2
v1/2,ref,conv
= max{τ −2 , |vi |2max }, ̺i+1/2 = (̺L + ̺R ),
2
1
2
2
vi+1/2
+ 4v1/2,ref,conv
, vi+1/2 = (vL + vR ),
2
v
1
L/R
±
,
ML/R
= ± (ML/R ± 1)2 , ML/R =
4
c̃i+1/2,conv
1
1
1
M̃i+1/2 = [ML+ − (ML + |ML |) − MR− + (MR − |MR |)].
2
2
2
c̃i+1/2,conv =

q

In Eq. (22), κ is given by
κi+1/2 =

c̃i+1/2,conv M̃i+1/2
.
2
v1/2,ref,conv

Notice that the transporting velocity definition given in Ref. [9] needs to be simplified in the present paper, in order to obtain an expression that does not involve the
transported quantities. The algorithm described in Sec. 2 can then be used without
modification. Using the same reference quantities as for the scaling study of the
modified AUSM+ -up scheme, the non-dimensional pressure gradient term in Eq.
(24), at the leading order in the power of the reference Mach number, is
vr

pR − pL
.
̺i+1/2 M
τ

Thus, LDFSS-2001 has the proper unsteady low Mach number scaling, for very
low Mach number. However, the scaling is not exactly the same as the one of the
properly scaled Momentum Interpolation methods considered in Sec. 4 (cf. Refs.
[7,8]), which is mimicked by the modified AUSM+ -up defined before. Further, both
the modified AUSM+ -up scheme and the LDFSS-2001 scheme lack an inertia term
in the face velocity definition.

6 Numerical experiments

Two test cases of increasing complexity are now considered to test the proposed
modified AUSM+ -up scheme. They differ essentially by the spectral content of the
propagating acoustic wave. For both test cases, boundary conditions are not relevant because we do not continue the calculations until waves reach boundaries. For
test case 1 used previously to illustrate the deficiency of AUSM+ -up (Fig. 1), the
improvement by the modified scheme is impressive. As shown in Fig. 2, both the
LDFSS-2001 and the modified schemes permit to simulate accurately the propagation of the harmonic wave. For propagation of a non-harmonic wave (pulse), the
10

results differ more. On a propagation distance less than one meter, both the modified AUSM+ -up and LDFSS-2001 schemes give quite good results with only a
slight difference of the pulse when compared to the Momentum Interpolation results (Fig. 3, a-b). Note that in such a case, the results by the standard AUSM+ -up
scheme are of very bad quality. If a longer distance of propagation is considered
(Fig. 3, c-d), the Momentum Interpolation method outperforms both the modified
AUSM+ -up and LDFSS-2001 schemes. The reason is the lack of the inertia term in
the face velocity definition, necessary for full time consistency of the face velocity.
The lack of the inertia term has as consequence that the quality of the results varies
with the value of the coefficient β and that its optimum value is problem dependent.
For the case shown in Fig. 2, the best results are obtained for β = 1, while for the
case shown in Fig. 3 the best results are obtained for β = 0.01.

Pressure distribution (Pa)

1.5
1
0.5
0
-0.5
-1
+

Modified AUSM -up
LDFSS-2001

-1.5
0

0.2

0.4

0.6

0.8

1

Pipe axial coordinate (m)

Fig. 2. Downstream propagation of a wave forced at the left boundary of a pipe of constant
cross-section area S. Pressure distribution at t = 2 ms. Exact solution: • (linear acoustics).
Number of cells: N = 500. Mach number of the background flow: M = 10−3 . Convective
CFL number: CFLv = 10−4 .

7 Conclusion

The time-step dependency and the scaling of the pressure-velocity coupling suitable
for unsteady calculation in low Mach number flow, including acoustic features, has
been identified in the Momentum Interpolation approach suggested in Refs. [7,8].
We observed that the proper form of the inertia term in the transporting velocity
definition is related to the time-step independency of the steady state. This suitable
scaling of the pressure gradient dissipation has then been used to suggest a modification of AUSM+ -up scheme to allow acoustic simulations in low Mach number
flow. The accuracy improvement when the solution is compared to the one of the
original AUSM+ -up scheme indicates that the scaling identified in the Momentum
Interpolation approach can be applied with advantage to Godunov-type schemes.
11
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Fig. 3. Downstream propagation of an acoustic pulse in a pipe of constant cross-section area
S. Pressure distribution at t = 5 10−2 ms (top), t = 2.33 ms, t = 6.7 ms and t = 9.03 ms
(bottom). Exact solution: linear acoustics. Number of cells: N = 2 500. Mach number of
the background flow: M = 10−4 ; convective CFL number: CFLv = 5 10−4 . Results by
AUSM+ -up coincide with the coordinate-axis for t = 6.7 ms and t = 9.03 ms.
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